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ABSTRACT

The main aim of this paper is to study the model of random walk with
state space Z. The method of moments is here used, as in Depauw et al.’s
paper (2009), to prove that this random walk converges in probability to
a constant (Theorem 1.2) and give its rate also (Theorem 3.1). More
precisely, with P be the corresponding Markov operator of the previous
random walk and a given function f, we solve the Poisson equation
(P—1)g = f and then treat the limits of its solutions, the rate of the

convergence is instantly given by the convergence of the moment of
random walk.

TOM TAT

Muc tiéu chinh cua bai bdo ndy la nghién ciru mé hinh budc di ngau
nhién voi khong gian trang thai la tdp Z. O ddy, phwong phap moment
dugc sir dung nhu trong bai bao cua Depauw et al. (2009) dé chirng
minh sy hoi tu theo,xdc suat den mot hang so cua buoc di d‘qng xet (Pinh
ly 1.2) va dwa ra toc dé hoi tu cua no (Dinh Iy 3.1). Chi tiet hon, voi P
la toan tr Markov twong ung voi budc di ngau nhién dang xét va ham f
cho truée, ta giai phirong trinh Poisson (P—1)g = [ réi sau dé tim
gioi han lién quan dén nghiém cua no, khi do téc @6 héi tu sé dwoc cho
boi sw hoi tu ciia cdc moment.

Trich dan: Lam Hoang Chuong, Lé Nguyén Thiy Vén va Duong Thi Tuyén, 2017. Luat s6 16n cho bude di
ngau nhién trong trudng hop mot chicu. Tap chi Khoa hoc Truong Pai hoc Can Tho. 52a: 17-21.

1 GIOI THIEU

Pf (k)= ﬂ[af(k+1)+/3f(k )], (1.2)

Ta xét mot budce di ngiu nhién (X,,),>0 trén Z

¢6 cudng do dich chuyén sang phai 1 don vi la &
hodc sang trai 1 don vi la f.Khi d6, xac suat
chuyén cua né tai vi tri bat ky k € Z & thoi diém
n>0 duogc cho badi cac biéu thirc sau:
P{X,11=k+11 X, =k}=a/(a+ ),
P{X 41 =k—11X,,=k}=/(+ B).
Toan tir Markov tuwong ung voi buédc di ngau
nhién trén la /' — Pf dugc xac dinh bdi

véi f 1a ham do dugc, bi chéan trén khong gian
trang thai cua budc di 1a Z Hay no6i cach khac, véi
md hinh cta budc di dang xét, ta luon cod
Pf(Xp)=E[f (X 41Xy ], vOi moi 120

Mo hinh budc di ngau nhién 1a mot qua trinh
ngau nhién ¢ nhiéu ung dung trong thue té. No 1a
su tang thém va mat di mot ca thé sau mot thoi
diém cta quin thé nao do, con duoc goi la qua
trinh sinh va chét trong sinh hoc néi chung. Trong
kinh doanh, né 1a sy sinh lgi va thua 16 mot lugng
tai san nhét dinh sau mot “giao dich”. Khi ta xét

(1.1)
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trong vat Iy dong luc hoc, n6 1a sy “di chuyén”
ngu nhién ctua mot chat diém trén day dan dong
chét. Trong ly thuyet trd choi, d6 1a su thing va
thua cudc voi xac sudt tay y... Tét ca cac mod hinh
ap dung trén déu dugc xuét phat tir bai toan néi vé
su di chuyén ngdu nhién ciia mot nguwoi say ruou
ma khong con kha nang phan doan duong di cua
minh.

Trong mo6 hinh dang xét, néu cuong d¢ dich
chuyén sang phai va sang tréi 1a nhu nhau, tirc 13
o=/, thi ta dugc bude di ngau nhién can bang nhu
trong Lam Hoang Chuong va ctv. (2016). Khi do,
moi trang thai cua né déu hdi quy, tic la néu xuét
phat tir mot trang thai ban dau thi gan nhu chic
chan qua trinh s& quay lai trang thai ban dau do. Vé
mat toan hoc, ta ludén chirng minh dugc

Y P(X,=k|Xg=k)=+cc, V01 moi trang thai ban

n=1
dau k € Z. Két qua nay da dugc dé cap trong tai
liéu cta Norris (1998) va Ross (2010). Dleu do giai
thich 1y do tai sao sém muon gi thi cac quan thé c6
cung mo hinh s€ bi “tuyét chung”, nha kinh doanh
sau mot thoi gian s€ pha san hay ngudi choi co bac
roi cling s& “nhin tui”... Ngoai ra, khi ta 4p dung
phuong phap tuong tu’ trong bai bao cua Lam
Hoang Chuong (2014) thi day cac bién X , € thoa
dinh 1i giéi han trung tdm nhu trong Lam Hoang
Chuong va ctv., (2016).

Pinh li 1.1 (Lam Hoang Chuong va ctv., 2016)

Xn)nZO’ ta

D I3
luén c6 j—%—> N'(0,1) khi n - + co. Trong biéu

Véi moi bude di ngdu nhién cdn bcfng(

D z
thirc tryén,—> ky hiéu cho hdi tu theo phan phoi cua
cac bién ngau nhién.

Bai bao nay xét mo hinh ciia mot budc di ngiu
nhién (X,),.,khong can béng trén Z tic 1a o=,
ma c6 trang thai ban dau X(=0. Trong truong hop
ndy, moi trang thai cua budc di s¢ khong héi quy:
néu «>f thi né cod khuynh hudng dich chuyén
sang phai va ngugc lai néu a<g thi nd c6 khuynh
huéng dich chuyén sang trai. Khi 6, mot dang luat
s0 16n cho day (X;);>0 s€ dugc chi ra nhu sau:

Pinh ly 1.2 Véi moi bude di ngiu nhién khong
can bang (X ), nhu trén, ta ludn c6

P \ P
X;" — G, khin — +o0, Trong biéu thic trén, —

ky hiéu cho hoi tu theo x4c suit cta cac bién ngau

nhién va G=(a—p)/(c+f)1a hang so6 gidi han.
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Pay con duoc goi 1a luat sd 16n cho day
(X,),0- Hon nita, muc tiéu chinh cua bai bao nay

khong chi chimg minh Dinh ly 1.2 ma con dua ra
toc d6 hoi tu cho no.

Céu trac cua bai bao dugc sip xép nhu sau:
Muyc 2 trinh bay phuong phap chimg minh duoc st
dung trong bai bao; két qua chinh & toc do hoi tu
cho Pinh Iy 1.2 va chimg minh chi tiét ciia n6 dugc
dua ra & Muc 3; Muc 4 phan tich va dua ra mbi
lién hé giita mo hinh cén bang va khong can bing
ctia budc di ngau nhién; cubi ciing 14 phan két luan
van dé & Muc 5.

2 PHUONG PHAP NGHIEN CUU
Ta bét dau véi bd dé sau:

Bo dé 2.1 Cho (Z,,), 5, la céc bién ngu nhién

c1‘1ng xéc dinh trén mot khong gian X4c sudt va
hing s6 a € R. Néulim E(Z}) = a’ véi moi ¢ =

n—-oo

1,2 thi Z, hoi tu theo xéac suét dén a khin — oo.

Chimg minh. Ap dung bit ding thirc

Chebyshev thi vdi moi € > 0
P(|Z, —a|l > &) = P((Z, —a)? > £?)

E[(Z, — a)?]
S —Qa
E(Z%) — 2aE(Z,) + E(a?)

khin — oo. Ta dugc diéu phai chimg minh.

Trong phan tiép theo, ta s& dung ky hiéu X 1a
tap hop céc bién ngdu nhién ma c6 moment bac hai
cua nd hiru han. Ta dinh nghia mét anh xa d: X X
R — [0; +00] sao cho

d(X,a) = |[E(X — Q)| + [EX? — a®)|. (2.1)

Ta ¢6 bd dé sau: B dé 2.2 Cho (Z,), ., thudc
tap X va hang s6 a € R. Néu lim d(Z,,a) =0
n—-oo
thi Z, hoi tu theo xac suit dén a khi n — oo,

Chttng minh. Tu cong thic (2. 1) ta c6
d(Zn, a) = |[E(Zy — a)| + |E(ZF — a?)|. Ap dung
gia thiét cia bo dé llm d(Z,,a) =0 suy ra

lim E(Z}) = a® véi m01{’— 1,2. Theo Bd dé 2.1

n—-oo

ta duoc két ludn cua Bb dé 2.2.

Trong phan tiép theo ta s& sir dung anh xa d va
B6 dé 2.2 dé tim tc do hoi tu trong Dinh 1y 1.2 véi
Zo,=X,/nvaa=4aG.
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3 KET QUA THU'C HIEN

Vé&i mo hinh budc di ngiu nhién khong cén
bang nhu da gioi thiéu & Muc 1, ta c6 ket qua chinh
vé toc d6 hoi ty cua luat s6 16n dugc trinh bay nhu
sau:

Pinh 1y 3.1 Voi diy cac bién ngdu nhién
(X, )n>0 nhu trén, ta co

d (%G) - 0(nY).

O day, ta nhic lai raing mot ham f(n) =
0(g(n)) néu nhu limsup |f(n) / g(n) | < oo.

n—-oo

V& luat s6 16n, truong hop don gian nhat nhu ta
da biet la khi cac bién ngau nhién doc lép cung
phan phoi (i.i.d) thi n6 ¢6 ca hai dang: luat yéu va
luat manh s0 16n. Trong mo6 hinh ta dang, xét thi
bude di ngau nhién la mét xich Markov tong quat
hon truong hop i.i.d, 1;‘1 mot da{mg cac bién phu
thudc va cling cho ta biét thém vé toc do hoi tu cua
no.

Trong phan chimg minh ta s& xét truong hop
a > B, voi truong hop a < f ta ciing c6 thi cach
lam tuong tu. Ta c6 cac bd dé co ban nhung rat
hitu ich sau:

B6 d& 3.1 V&i mot ham ¢: Z —> R cho trude, s&
ton tai duy nhat mot ham @®:Z - R sao cho

P-DD=¢p
3.1

{ (0) = 0. -1

Chimng minh. Ta ¢6 (P — 1) ® (0) = ¢(0) suy
ra

®(=1) + (1) — 20 (0) = 2¢(0).
Tu d6 ta xac dinh duge @(0) .

Véi m =1, ta xét (P — 1) P (m) = p(m). N6
tuong duong véi
d(m+1)— ®(m)
Lo~ em-1)
a+pf
+——o(m)

va bang cach tinh dé quy theo m, ta dugc

®(m) = yrfip"w(l —k)
=0 k=0

trongdoy = (a + B)/a, p=f/c.

Tuong tu, véim < —1tacd
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-m+1 +o
Om) =-y ) > ptol—1-k)
=2 k=0

Nhu vdy, ta da ching minh duoc rang ® 1a mot
nghiém duy nhat cua (3.2).

Trd lai dinh 1y 3.1, ta phan tich

o(2e.6) = o (-0 o (2 - )

Ta luu y rang, v6i cac gia tri yvap via
gioi thiéu thi G =1;—p. Tir d6, d& ching minh
. , A » Xn _
dinh ly 3.1 ta can chi ra E(7— )—
X Xn\? - .
onHvaE <(7) - Gz) =0(n"?) thong qua

hai ménh dé 3.1 va 3.2 bén duéi.

Ménh dé 3.1 V6i diy cac bién nglu nhién
(X)), nhu trén, ta c6

E ((%)2 - GZ> —0(n?).

Ching minh. Ta xét mdt diy cac ham fk >0,
xac dinh trén Z, sao cho
(P=Dfx = feer, k=21

fo=1,
£.(0) =0, k> 1.

Ap dung B6 dé 3.1 voi p=f,, ®=f ta
duoc

Véim =1
m-—1 +oo
A =y Y Y pfal— )
=0 k=0
m-—1 +oo m—1
=y Z p* =y Z S
=0 k=0 =0 1= P
_ m
=15
Véim < -1
-m+1 +o
fm =y Y P -1-8)
=2 k=0
-m+1 +o
— Z Z o=
=2 k=0 1- P
Vay ta duoc
my
fi(m) = E
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vGi moi m.

Tiép tuc ap dung B6 &8 3.1 v6ip = f;, ® = f,
ta cling dugc

Véim =1
m—1 +o
fom) = yzzpkﬁa 0
—1 400
]/2
=1 Z pel—k)
pl=0k=0
m—1 +oo
DX
= ——p ) kp
1 pl:o 1 P k=0
7t ((m—l)m mp >
1-p\20Q-p) @@A-p)?

oyt ((m—l)m_ mp)
- (1-p)? 2 a-p))

Véim < —1, thuc hién tuong ty ta cling co két
qua nhu trén.

Vay ta dugc
v?2 ((m-—Dm  mp )
m) = -
f2lm) (1—p)2< 2 a-»
vGi moi m.

Khi d6, véi moi s6 nguyén m va véi k21 ta co
(P=D) fie (m)=ff—1 (m).

Thay thé m boi X, valdy ky vong ta duoc
E{ Sk (Xna)}=E{ Sk (X)) E{ fi—1 (X )} v6i moi

n>0. Tu doé din dén véi mdi k = 1,2 thi

E(fi (X)) = & (3.2)

vi f;(0)=0 theo dinh nghia cua f, va Xy =0
theo gia thiét cia bude di ngdu nhien X, . Biéu
thirc (3.2) duoc ching minh bang cach tinh dé quy
theo £ .

Dic biét, trong trudng hop k =2 taco

-1 2
Py = ST

khi n du 16n. Biéu thirc (3.2) c6 thé viét lai mot
cach hinh thirc nhu sau:
E {fk(Xn) % X_rllc} - 1
XK

nk k
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khi n @ 16n.
Ta sé& thay rang lim f, (m)/m* ton tai va tir d6
m—oo

dan dén gidi han ciia E{X}* /n¥} cling ton tai. Budc
tiép theo, ta s& tinh giéi han cua lim f,(m)/m*.
m-—oo

B6 d& 3.2 Cho k=12, véi ham f, duoc
dinh nghia nhu trén thi
frlm) _ 1( A )"
ml—lgloo mk " k\1-p/ (3.3)
Chtng minh. Ta c6
Voik = 1: 11m LEAUONSRT = __ *_
m-ot+c m m-+oo m(1-p) 1-p
Lom _

Véi k=2: lim

m-+oo m2
lim y? ((m—l)m _ mp) _ 1( 4 )2
m—+oo m2(1—p)2 2 1-p 2\1-p/

Vay ta duge diéu phai chimg minh.

T B dé 3.2, véi moi € > 0, ton tai M > 0 sao
cho v&i moi m = M thita co

_ 2
fz(m) 26 |<e

Ta nhic lai rang G = %. Khi d6
Néu {|X,,| = M} thi
X,\° X2 X
|E<<—") —GZ) E( —2G2. f"’(z")>
n Tl n
fo(Xy)

n2

~
=

Xn —2G?
fZ(Xn)

)

IA
N m

khi 7 dii 16n.
Néu {|X,,| < M} thi

’E ((ﬁ) _ GZ> ~ ‘E <X2 2G2. fZ(Xn)>
n n?
oy (1:11 |f2(xn)|)

khi n du 16n. Vay ta duoc diéu phai chimg minh.

+262. =

Ménh dé 3.2 V6i diy cac bién nglu nhién
(X)), nhu trén, ta c6

E ();—”— ) =0(n™Y).

Chimg minh. Ta c6, v6i moi € > 0, ton tai N >
f 1(m) | <e

0 sao cho v6i moi m = N thi

Khi do6
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Néu {|X,| = N} thi

|E<ﬁ_a)|=’E(ﬁ_G,M>
n n n
< (oo [o- 050
n G Xn
<e€
khi n du l6n.

Néu {|X,,| < N} thi

|E (ﬁ— G)| = ‘E <ﬁ— G.M>

n n

n
E(ﬁ .\ G_lfl(xnn)
n n

khi n du 16n. Vay ta duoc diéu phai chimg minh.

_4 MOI LIEN HE GIUA MO HINH CAN
BANG VA MO HINH KHONG CAN BANG

D
<Ll
n

Muc nay duoc ding dé phan tich thém vé mdi
quan hé gitra dinh 1y gi6i han trung tdm va luat sb
16n cua bude di ngau nhién trong méd hinh dang
xét. Ta di thay rang khi cudong do dich chuyén a =
B thi ta c6 dinh 1y gidi han trung tdm, con khi a #
p thi ta c6 ludt s6 16n. Trong truong hop a # f ta
gia sit @ = tf voi hiang sb t > 0. Tham s6 t con
duoc goi l1a nhiéu tac dong cua md hinh khong can
bang. Khi do, ta co

X, P tf—-p t—1
n tp+p t+1

Ta dit gi6i han trén 1a ham G(t) = % Xét vé
mit vat 1y, day chinh 1a van tdc di chuyén cta budc
di khin dulén. Néu t — 1 thi @ = . Khi do, trang
thai can bang cua budc di gan nhu xay ra. Ta c6
cac dinh nghia sau:

Pinh nghia 4.1 Trong mé hinh budc di ngiu
nhién khong can bang, tic t # 1, thi d¢ nhiéu tac

déng duoc cho bsi lim X;" = h(t) theo x4c suit.
n—-oo

Dinh nghia 4.2 Trong m6 hinh budc di ngau
nhién can bang, thc t = 1, thi hé¢ so khuéch tan

duoc cho boi
X2
lim E (—721) = g2,
n—oo n
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1

Trong cac mé hinh ta dang xét thi h(t) = :—1
vaog? =

Pinh Iy sau noi 1én mébi lién hé gitra d6 nhiéu
tac dong va hé so khuéch tan cia md hinh trong
truong hop déc biét t = g(1) voi g 1a ham kha vi,
. X 3 . _gM-1 _
lién tuc va g(0) = 1. Khi do, h(t) = provrie
H(A) vai - 0thit - 1.

Dinh 1y 4.1 V&i ham H (1) va o?duoc xac dinh
nhu trén, ta co

H(0)=0?=1
néu ham g thoa g'(0) = 2.

Chung minh. Tinh tryc tiép dao ham cua H (1)
taid = 0.

Dua vao ly thuyét dong hoc trong vat 1y, ta md
ta Dinh 1y 4.1 nhu sau: trong sy chuyén dong cia
chat diém thi dao ham ctia van toc di chuyén, hay
la dao ham d¢ nhiéu tac dong, tai thoi diém can
bang s& bang véi hé sb khuéch tan khi khong co do
nhidu tic dong. Py con duge goi 1a “mdi quan hé
Einstein” cho budc di ngau nhién trong truong hop
mot chiéu.

5 KET LUAN

Bai bao di danh gia duoc toc do hoi tu trong
ludt s6 16n cho mo hinh budc di ngéu nhién khong
can bang trong mot chiéu. Ngoai ra, n6 ciing dua ra
sy so sanh va mdi lién hé giita cic md hinh cén
bang va khong can bang. V& tiém ning, phuong
phap trong bai bao nay co thé dugc ap dung cho
nhiéu mé hinh chuyén dong ngiu nhién khac tong
quat hon, thu dugc nhiéu két qua y nghia hon.
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